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We address the use of entangled qubits as quantum probes to characterize the noise induced by complex
environments. In particular, we show that a joint measurement on entangled probes can improve estimation of the
correlation time for a broad class of environmental noises compared to sequential strategies involving single-qubit
preparation. The enhancement appears when the noise is faster than a threshold value, a regime which may always
be achieved by tuning the coupling between the quantum probe and the environment inducing the noise. Our
scheme exploits time-dependent sensitivity of quantum systems to decoherence and does not require dynamical
control on the probes. We derive the optimal interaction time and the optimal probe preparation, showing that
it corresponds to multiqubit Greenberger-Horne-Zeilinger states when entanglement is useful. We also show the
robustness of the scheme against depolarization or dephasing of the probe, and discuss simple measurements
approaching optimal precision.
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The coherence properties of a quantum system are strongly
affected by its interaction with the surrounding environment.
This is often an obstacle to the implementation of quantum
technologies, so that much effort has been devoted to study the
system-environment interaction and to engineer decoherence
in order to minimize its degrading effects [1,2]. On the other
hand, the very sensitivity of quantum systems to external influ-
ences also provides an effective tool to characterize unknown
parameters of a given environment [3,4] by exploiting quantum
probes, as opposed to classical ones, usually macroscopic and
more intrusive. Indeed, characterizing the noise induced by
an external complex system is of great relevance in many
areas of nanotechnology, as well as in monitoring biological or
chemical processes [5–8]. Besides, it represents a crucial step
in designing robust quantum protocols resilient to noise [9–14].
The proper framework to address characterization by
quantum probes [15,16], and to design the best working
conditions, is given by quantum estimation theory [17], which
provides analytical tools to optimize the three building blocks
of an estimation strategy: (i) preparation of the probe system
in a suitably optimized state, (ii) controlled interaction of the
probe with the system for an optimal amount of time t , and (iii)
measurement of an optimal observable on the probe. Overall,
the ultimate precision for any unbiased estimator γˆ of a certain
parameter γ is bounded by the quantum Crame`r-Rao (CR)
theorem, stating that Var(γˆ )  [MH (γ )]−1, where M is the
number of measurements and H (γ ) is the quantum Fisher
information (QFI), i.e., the superior of the Fisher information
over all possible quantum measurements described by positive
operator-valued measures (POVMs).
Recently, single-qubit quantum probes have been proposed
for the characterization of noise by monitoring decoherence
and dephasing induced by the environment under investigation,
in particular, when the latter can be described in terms
of classical stochastic processes [18–22]. Indeed, stochastic
modeling of the environment has been proven [23] to reliably
*matteo.rossi@unimi.it
†matteo.paris@fisica.unimi.it
describe noise and the decoherence process in several systems
affected by dephasing [24–31]. It may also be useful for several
other systems of interest, including motional averaging [32]
and solid-state qubits [33–35].
In this Rapid Communication, we extend this analysis to
entangled qubits used as quantum probes, and show how
they greatly improve the characterization of a broad class of
environmental noises compared to other sequential strategies
involving single-qubit preparation [36–38]. In particular, we
show how to improve estimation of the correlation time (i.e.,
the spectral width) of classical noise. Since such noise is
usually emerging from a large collection of fluctuators, we
are going to consider Gaussian stochastic processes.
The probing scheme is depicted in Fig. 1, both for
a sequence of N uncorrelated qubits and for an N -qubit
entangled state. In both cases we assume that the qubits
do not interact with each other. In each case, the qubits
may interact with different realizations of the noise or with
the same realization, depending on the temporal and spatial
distance between the probes. We end up with four possible
schemes, which we describe in detail in the Supplemental
Material [39]. In the following, we focus on the best case
for each configuration, i.e., independent realizations for the
separable probes and a common environment for entangled
probes.
Let us start by considering a single qubit interacting with a
fluctuating dephasing environment. The Hamiltonian is given
by H(t) = ω0σz + B(t)σz, where ω0 is the energy of the qubit
and B(t) is a realization of the stochastic process that describes
the noise. As a paradigmatic example we consider a zero-mean
Ornstein-Uhlenbeck process characterized by the autocorrela-
tion function K(t,t ′) ≡ 〈B(t)B(t ′)〉B = 12γ exp[−γ |t − t ′|],
or by the corresponding Lorentzian spectrum. Here, γ is the
spectral width, i.e., the inverse of the autocorrelation time,
while  denotes the coupling between the probe and the
system. It is worth noticing that a similar analysis may be
carried out for other Gaussian processes, e.g., processes with
power-law or Gaussian autocorrelation functions, and that
results are qualitatively the same, independently on the choice
of the autocorrelation function.
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FIG. 1. Schematic diagram of possible characterization tech-
niques. On the left, we have N qubits, and each one is prepared in
the state |+〉, then interacts with the system for a time t , and is finally
measured independently of the other qubits. On the right, the N qubits
are initially prepared in a multiqubit Greenberger-Horne-Zeilinger
(GHZ) state |N〉, and are allowed to interact with the system such
that they are subject to the same realization of the noise. At the output,
a collective measurement is performed on the qubits.
The density operator of the evolved qubit is given by
ρ(t) = 〈U (t)ρ(0)U †(t)〉B , (1)
where 〈·〉B denotes the average over all possible realizations
of the stochastic process in the time interval [0,t], U (t) =
exp [−i ∫ t0 H(s)ds] = exp{[−iω0t + φ(t)]σz} is the time evo-
lution operator, and φ(t) = ∫ t0 B(s)ds is the accumulated
phase due to the environmental (dynamical) noise. An explicit
expression for ρ(t) can be found by employing the charac-
teristic function of a zero-mean Gaussian stochastic process,
〈eimφ(t)〉 = e− 12 m2βγ (t), where
βγ (t) =
∫ t
0
∫ t
0
ds dw K(s,w) = 
γ
(e−γ t + γ t − 1). (2)
If the qubit is initially prepared in a state described by the
density operator ρ(0), the density operator at the time t will be
ρ(t) with ρkk(t) = ρkk(0), k = 1,2, and
ρ12(t) = e−2[iω0t+βγ (t)]ρ12(0). (3)
The optimal single-qubit preparation, given by |+〉 =
1√
2
(|0〉 + |1〉), together with the corresponding QFI and the
optimal measurement for the estimation of γ , have been
recently found [22]. For N uncorrelated qubits, owing to
additivity, the QFI is just N times the single-qubit QFI, i.e.,
H SEPN (γ,t) =
4N
e4βγ (t) − 1[∂γ βγ (t)]
2. (4)
Let us now consider a probe made of N qubits initially
prepared in the generalized GHZ entangled state |N〉 =
(|0〉⊗N + |1〉⊗N )/√2, interacting with a common environ-
ment. We also assume that the qubits do not interact with each
other and that they interact with a common environment, i.e.,
with the same realization of the noise. The overall Hamiltonian
is thus
H(N)(t) = H(t) ⊗ I⊗N−1 + I ⊗H(t) ⊗ I⊗N−2 + · · · , (5)
where H(t) is the above single-qubit Hamiltonian and B(t) is
the same realization of the noise for all the qubits. The QFI for
the parameter γ reads
HGHZN (γ,t) =
4N4
e4N
2β(t,γ ) − 1[∂γ βγ (t)]
2. (6)
FIG. 2. (Color online) In the upper left panel, the QFI H SEP2 (t)
(solid) and HGHZ2 (t) (dotted) as a function of time for γ = 10. We
also show for comparison the (smaller) QFI for separable two-qubit
probes in a common environment (dashed). In the upper right the QFI
ratio RN as a function of γ (log scale) for N = 2 (solid red), N = 3
(dashed blue), and N = 4 (dotted green). For small values of γ , the
ratio is below one (black dashed line), and tends asymptotically to
1/N : In this regime it is more convenient to employ separable states
than maximally entangled states. The ratio increases monotonically
with γ and exceeds one at a threshold value γ0(N ), which depends on
N . For asymptotically large γ , the use of N -qubit GHZ states is N
times better than the use of N qubits in a separable state. In the lower
left panel, a log-log plot of the optimal interaction time as a function
of γ for separable probes (black), and for an entangled probe with 2
(solid red), 3 (dashed blue), and 4 (dotted green) qubits. In the lower
right panel, the ratio between the optimal time for the GHZ state tGHZ
and for the separable state tSEP.
We notice that βγ (t) is a monotonically increasing function
of t with βγ (0) = 0 [see Eq. (2)]. Moreover, we have βγ (t) ∼
(t − 1/γ ) for t 	 1. Thus both H SEPN (γ,t) and HGHZN (γ,t)
are asymptotically vanishing and show a single maximum,
corresponding to different optimal values of the interaction
time, tSEPopt and tGHZopt , respectively. We refer to this maximum
value as the maximal QFI for a specific value of γ . As
is apparent from the above equations, the maximization of
the QFI involves transcendental equations and must be done
numerically. The behavior of H SEPN (γ,t) and HGHZN (γ,t) is
depicted in the upper left panel of Fig. 2. The lower panels
of the figure show how the optimal time depends on γ for the
two measurement schemes.
In situations where we can control the interaction time
between the probe and the environment, it will be most
convenient to set it to the optimal time. Thus, a fair comparison
between separable and entangled probes naturally involves the
maximal QFI of the two cases. We therefore introduce the
QFI ratio as RN(γ ) = HGHZN,max(γ )/H SEPN,max(γ ), and analyze its
behavior as a function of γ and N. When RN(γ ) > 1, the use
of a N qubits in a GHZ state improves estimation compared to
the use of N uncorrelated probes, e.g., in a sequential strategy.
Figure 2 illustrates the main results: The ratio RN(γ ) is larger
than one for γ > γ0(N ), where γ0(N ) is a threshold value that
depends on N . Moreover, RN(γ ) → N for γ 	 γ0(N ). This
result is enhanced by the fact that, upon substituting γ˜ = γ /
and τ = γ˜ t , we may show that the quantum signal-to-noise
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ratio (QSNR) γ˜ 2H (γ˜ ) does not depend on . This means
that, if one is able to control the coupling between the
probe and the system, one can always tune  to achieve a
situation where RN(γ˜ ) > 1. All the figures are obtained by
setting  = 1.
Now a question arises: Is the GHZ state |N〉 the optimal
one? Are there (entangled) states that give even higher QFI?
The answer to this question cannot be analytic, because
one cannot diagonalize analytically a generic density matrix
of a multiqubit state. In order to attack this problem, we
first notice that the maximum is achieved for an initial
pure state [37]. We have thus generated a large number
(n = 106) of random initial pure states, uniformly distributed
according to the Haar measure, for different values of γ
and for N = 2,3,4. For each random state, the maximal
QFI, HRNDN (γ ), resulting from the interaction with a common
environment has been numerically evaluated using the ex-
pression H (γ ) = 2∑nm | 〈ψm|∂γ ργ |ψn〉 |2/(ρn + ρm), where
ργ =
∑
n ρn |ψn〉 〈ψn| is the diagonal form of the density
operator after the interaction with the environment. This
value is then used to evaluate the corresponding QFI ratio
HRNDN (γ )/H SEPN (γ ), and to compare the estimation precision
to the precision achievable using N independent qubits
interacting with separate environments. Our results indicate
that, for γ  γ0, that is, in the region where entanglement
is convenient, the GHZ state is indeed the optimal one, thus
showing that entanglement is a resource for the estimation of
the spectral width of Gaussian noise.
Below the threshold the GHZ state interacting with a
common environment is no longer optimal and the optimal
strategy involves separable probes interacting with indepen-
dent environments. For completeness, we anyway look for the
optimal state in a common environment and found numerically
that the extremal state lies in the same family of states that
had been identified in Ref. [40] as optimal probes to improve
frequency estimation. The states of this family, for N qubits,
have the form |N〉 =
∑ 12 N
k=0 ak |k〉 , where ak are normalized
real coefficients, |k〉 is an equally weighted superposition
of all N -qubit states with a number k or a number N − k
of excitations, and · denotes the integer part. The GHZ
state belongs to this family with a0 = 1/
√
2 and all other
coefficients set to 0.
Figure 3 illustrates our numerical results obtained for two
and three qubits. The plots show the QFI ratios R2 (left) and
R3 (right). The solid blue line is the ratio for the GHZ state,
the 104 gray points correspond to the QFI ratio of randomly
generated states, and the dashed red line is found by optimizing
the QFI over the coefficients ak of |N〉. We can see that from
γ  γ0(N ) the blue and red curves coincide, i.e., GHZ states
are extremal. We also notice that for γ  γ0(N ) a significant
fraction of gray dots lies above the r = 1 dashed line, but the
dots are sparse around the solid blue line, meaning that the
GHZ state allows for a remarkable gain in the estimation of
larger values of γ .
It is worth to emphasize that optimal precision, i.e., the
QFI of Eq. (6), may be achieved upon implementing a simple
rank-2 measurement. Indeed, HGHZN (γ ) corresponds to the
Fisher information of a projective measurement on the two
eigenvectors corresponding to the nonzero eigenvalues of the
FIG. 3. (Color online) The curves in the log plots show the
QFI ratio R2 (top) and R3 (bottom) as a function of γ for the
GHZ state (solid blue) and the optimal state of N qubits in a
common environment (dashed red). The two curves superimpose
each other above the threshold γ0(N ). We also show the QFI ratio for
105 randomly generated states (gray points), uniformly distributed
according to the Haar measure.
evolved density operator, which are, respectively,
p± = 12(1 ± e
−2N2λ2βγ (t)), (7)
|p±〉 = 1√
2
(e−iω0σz )⊗N (|0〉⊗N ± |1〉⊗N ). (8)
The CR theorem, however, sets only a lower bound to the
precision of any unbiased estimator, and a question arises
on how to suitably process data coming from the above
rank-2 measurement in order to saturate the bound. Bayesian
estimators are known to saturate the CR bound for asymp-
totically large numbers of measurements: In order to assess
quantitatively the performance of Bayesian estimation we have
performed simulated experiments on the probing system. In
particular, we have simulated the outcomes {x1, . . . ,xM} of the
measurement by randomly choosing a result according to the
probabilities of Eq. (7), and have built a Bayesian estimator γˆ
as the mean value of the a posteriori distribution, starting from
a flat prior. The resulting relative error of γˆ ,  = √Var(γˆ )/γˆ ,
is shown, as a function of the number of measurements, in
Fig. 4 for a specific value of γ . We see that with a relatively
low number of measurements, of the order of thousands, the
bound is saturated and the situation improves by increasing
the number of qubits. The proposed scheme thus allows for an
effective and achievable estimation of the parameter γ .
Let us now address the robustness of our scheme against
noise in the preparation of the probe. In fact, we have
shown that the use of entangled qubit probes prepared in a
GHZ state leads to enhanced precision in the estimation of
the spectral width. However, it is generally challenging to
experimentally prepare the probes exactly in the GHZ state,
and a question arises on how sensible is this estimation scheme
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FIG. 4. (Color online) Log-log plot of the relative error  =√
Var(γˆ )/γˆ of the Bayesian estimator as a function of the number
of measurements, for γ = 10. The lines represent the CR bound
for a single-qubit measurement (dashed blue) and for a four-qubit
GHZ state (solid red). The diamonds (single qubit) and the dots (four
qubits) correspond to the performance of a Bayes estimator applied to
simulated experiments. Bayes estimators saturate the CR bound when
increasing the number of measurements and very good performances
are achieved already for thousands of measurements. The plot also
shows that estimation improves with the number of qubits since the
CR bound is saturated with a lower number of measurement.
to, e.g., the purity of the initial preparation. We answer this
question by considering a partially depolarized state, ρp =
p ρGHZ + (1 − p)I/2N , where I is the identity matrix and 0 <
p < 1, and a partially dephased state, ρδ = δρGHZ + 12 (1 −
δ)(|0〉⊗N 〈0| + |1〉⊗N 〈1|), where 0 < δ < 1. In both cases, an
analytic expression for the QFI may be found: We have
H
p
N (γ,t) =
2N+2N4[(2N − 2)p + 2]p2[∂γ βγ (t)]2
[(2N − 2)p + 2]2e4N2β(t,γ ) − 4Np2 , (9)
HδN(γ,t) =
4N4δ2
e4N
2β(t,γ ) − δ2 [∂γ βγ (t)]
2 , (10)
which are obviously less than HGHZN (γ ), being ρp and ρδ
mixed states, but may be still larger than H SEPN (γ ). Indeed,
Fig. 5 shows that for each value of γ above γ0(N ) there
is a threshold value for the purity, above which the use
of a depolarized or dephased GHZ state still leads to an
improvement over the use of N uncorrelated probes. The
threshold purity μ0 is close to one for γ  γ0(N ) and for
γ 	 γ0(N ), whereas it shows a minimum in the intermediate
region, thus allowing for a certain tolerance in the preparation
of the initial state of the probe. Besides, this minimum value of
the threshold gets lower when increasing the number of qubits.
In conclusion, we have shown that the use of entangled
qubits as quantum probes outperforms the sequential use of
FIG. 5. Threshold purity μ0, as a function of the spectral width
γ , above which the use of a depolarized (left panel) or a dephased
GHZ state (right panel) is more effective than a set of uncorrelated
qubits. The different lines correspond to a different number N
of qubits: N = 2 (solid), N = 3 (dashed), N = 4 (dotted), N = 5
(dotted-dashed). The threshold μ0 approaches 1 when γ → γ0(N )
and when γ → ∞, whereas there is an intermediate region where μ0
decreases to a minimum, meaning that there is more tolerance in the
initial preparation of the probe. When N increases, the minimum of
μ0 decreases and moves to larger values of γ .
single-qubit probes in the characterization of the noise induced
by complex environments. In particular, we have shown that
a joint measurement on entangled probes improves estimation
of the correlation time for a broad class of environmental
noises when the noise is faster than a threshold value. This
result is enhanced by the fact that, upon controlling the
coupling between the probe and the system, the threshold
value can be reduced arbitrarily. Our scheme exploits time-
dependent sensitivity of quantum systems to decoherence
and does not require dynamical control on the probes. We
have found the optimal interaction time and the optimal
multiqubit probe preparation, showing that it corresponds to
multiqubit GHZ states. The proposed measurement scheme
achieves the Crame´r-Rao bound for a relatively low number
of measurements, upon employing a Bayesian estimator, and
is robust against imperfect preparation of the initial entangled
state.
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